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A construction of complete complex hypersurfaces in 
the ball with control on the topology 

A. Alarcon, J. Globevnik, and F. J. Lopez 


Abstract Given a closed complex hypersurface Z C (A € N) and a 

compact subset K C Z, we prove the existence of a pseudoconvex Runge domain 
D in Z such that K C D and there is a complete proper holomorphic embedding 
from D into the unit ball of For N = 1, we derive the existence of 

complete properly embedded complex curves in the unit ball of C^, with arbitrarily 
prescribed finite topology. In particular, there exist complete proper holomorphic 
embeddings of the unit disc D C C into the unit ball of C^. 

These are the first known examples of complete bounded embedded complex 
hypersurfaces in with any control on the topology. 


1. Introduction and main results 

Let D denote the unit disc in C and, for A G N, denote by ®the unit ball in 

In 1977 P. Yang asked whether there exist complete immersed complex submanifolds 
ip: ^ {k < N) with bounded image [14, 15]. Here, complete means that the 

Riemannian manifold (M, ip*ds) is complete, where ds is the Euclidean metric in 
equivalently, the image by (p of every divergent path in M has infinite Euclidean length. 

P. Jones [13] was the first to construct a bounded complete holomorphic immersion 
D —^ C^, a bounded complete holomorphic embedding B C^, and a proper complete 
holomorphic embedding B ^ 84 . Jones’ pioneering results have been extended to 
the existence of proper complete holomorphic immersions 7^ —)• 932 and embeddings 
7^ ■—> fBs, where TZ is either an open Riemann surface of arbitrary topology (see Alarcon 
and Eopez [4] and Alarcon and Eorstneric [2]), or a given bordered Riemann surface (see 
Alarcon and Eorstneric [1, 3]). Eurther, here *82 and ^83 may be replaced by any convex 
domain in and C^, respectively. Moreover, given /c G N, an easy application of these 

results furnishes bounded complete holomorphic immersions TZ^ := TZx • - xTZ ^ 
and embeddings TZ^ [1]. In the same direction, B. Drinovec Drnovsek [9] 

recently proved that every bounded strictly pseudoconvex domain D C with 
boundary admits a complete proper holomorphic embedding D ^ ^at+i provided that 
the codimension A + 1 — A; is large enough. 

To find complete bounded holomorphic embeddings ip: ^ is considerably 

more difficult. Eor instance, the self-intersection points of hypersurfaces in are 

generic and thus cannot be removed by small perturbations, which is possible when the 
codimension is large enough (to be precise, when 2k < A). So, any induction method for 
constructing such hypersurfaces will have to take this into account and at no step create 
self-intersection points. 
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The embedding problem was setded in the lowest dimensional case by Alarcon and 
Lopez, who proved that every convex domain in contains a complete properly embedded 
complex curve [6]. Their examples come after a recursive construction process which 
applies, at each step, a self-intersection removal procedure consisting of replacing every 
normal crossing in a complex curve by an embedded annulus. This process, which must 
be done while ensuring the completeness of the limit curve, is very delicate and does not 
provide any control on the topology of the curve. In principle, the examples could be of 
very complicated topology. 

After this, a different approach was used by Globevnik [11]. He found an embedded 
complete holomorphic curve as a level set of some wildly oscillating holomorphic function 
on 332. This construction worked also in higher dimensions which lead to the complete 
solution of the Yang problem in all dimensions by proving that, for any N £ N, there is a 
complete, closed complex hypersurface in at+i C The same holds when replacing 

® AT+i by any pseudoconvex domain in [12]. Again, this procedure does not supply 

any information about the topology of the hypersurface, which could be very involved. 

So at the moment there are two different methods to prove the existence of complete, 
closed hypersurfaces in ® 7 v+i when N = 1, and one when N > 2. Neither of these 
methods provides any information about the topology of such a hypersurface. In this 
paper we develop a conceptually new technique for constructing complete closed complex 
hypersurfaces in the unit ball C N £ N, which in addition admits control 

on the topology of the examples. In particular, we show that there is a complete proper 
holomorphic embedding B “—)• 332 (see Corollary 1.2 below) and thus answer a question 
left open in [6, 11]. 

Before stating our results we need some background. Given a Stein manifold X, 
we denote by 0{X) the algebra of holomorphic functions X —)• C. A domain (open 
and connected subset) 12 C X is called a pseudoconvex domain if it has a strongly 
plurisubhai'monic exhaustion function. In particular, 12 endowed with the induced complex 
structure is a Stein manifold as well. A domain 12 C X is said to be a Runge domain in X 
if every holomorphic function 12 —)• C can be uniformly approximated on compact subsets 
of 12 by functions in 0(X). 

Our main result may be stated as follows. 

Theorem 1.1. Let Z C (X £ N) a closed complex hypersurface such that 

Z n 33 Ar+i let K C Z n IBat+i be a connected compact subset, and let e > 0. There 

exists a pseudoconvex domain D <£ Z with the following properties: 

(i) K C D. 

(ii) D is Runge in Z. 

(iii) There exists a complete proper holomorphic embedding at+i such that 

IV’(C) - Cl < a for all ( £ K. 

In particular, IBat+i contains complete closed complex hypersurfaces which are 
biholomorphic to a pseudoconvex Runge domain in C^. 

These are the first known examples of complete bounded complex hypersurfaces in 
]v G N, for which one has any topological information. In we have the following 
more precise result: 

Corollary 1.2. Let Z C be a properly embedded complex curve and let K C Z n IB 2 
be a compact connected subset. Given e > 0 there exist a Runge domain D <£ Z 
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and a complete proper holomorphic embedding tp: D 532 such that K <Z D and 
\'p{x) — x\ < efor all x ^ K. 

As a consequence, the unit ball ^2 o/C^ carries complete properly embedded complex 
curves with any finite topology. In particular, there are proper complete holomorphic 
embeddings D 532- 

The second part of the corollary follows from the well-known fact that all surfaces of 
finite topology can be realized as Runge domains of properly embedded complex curves in 
(see Cerne and Forstneric [8] and Section 4). 

Our technique is different from the ones in [6, 11]. We begin with a closed complex 
hypersurface Z C intersecting 53Ar_|_i, a compact subset K C Z Ci and 

the natural embedding Z given by the inclusion map. In a recursive process, 

we compose this initial embedding with a sequence of holomorphic automorphisms of 
which converges uniformly in compact subsets of In this way we obtain 

a sequence of proper holomorphic embeddings Z ^ whose images converge 

uniformly on compact subsets of ^a^-i-i to a closed embedded complex hypersurface 
of ^Af-i-i- Moreover, carrying out this process in the right way, we may ensure that a 
connected component D of the resulting hypersurface is biholomorphic to a pseudoconvex 
Runge domain in Z containing K, and is closed in ® Af+i and complete. 

This program will be performed in two different steps, which we now describe. For 
a while we shall be working in real Euclidean space n G N. We let Bn-i-i and 

= VRn+i denote the unit ball and the unit sphere in of center 0 and radius 1; with 
this notation, ®Af+i = B 2 Af-i -2 for all G N. We denote by (•, •) and | • | the Euclidean 
scalar product and norm in We write q + rC for the set {q + rp: p ^ C} C 

for r > 0, q G and C C Einally, given p G \ {0}, we set 

(p)-*- := {q G : {q,p) = 0}. Observe that p + (p)'^ is the affine tangent hyperplane 

to the sphere at the point p. The following objects play a fundamental role in our 

construction. 

Definition 1.3. Given p G \ {0} and r > 0, the set 

fiZ{p, r) :=p+ (rB„+i n (p)-^) 

will be called the (closed) tangent ball in of center p and radius r. 

Thus, for p G \ {0} and r > 0, the tangent ball fiZ (p, r) is the closed ball of center 
p and radius r in the affine hyperplane p + (p)"''. Given a collection 5 of tangent balls in 
we denote 

\d\ := U T C 
Te5 

We will gather tangent balls in into collections which we call tidy according to the 
following 

Definition 1.4. A collection S' = {fiZ{pj.^rj)}j^j of tangent balls in B„+i C will be 
called a tidy collection if the following conditions are satisfied: 

• fB„_|_i intersects finitely many balls in ^for all 0 < t < 1. 

• If :7{pi,ri),fZ{p2,r2) G S and |pi| = |p2|, then ri = r2 and lZ{pi,ri) n 

=^_(F2,r2)=^ _ 

• If ^{pi,ri),fZ{p 2 ,r 2 ) edand\pi\ < |p 2 |, then ^{pi,ri) C |p 2 |B„+i. 
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In particular, ^ consists of at most countably many pairwise disjoint tangent balls and | 5 ^| 
is a proper subset ofMn+i- 

Thus, all the balls in a tidy collection 5^ which are tangent to the same sphere have the 
same radius and are pairwise disjoint; if 5 contains balls tangent to two spheres then all 
the balls tangent to the smaller sphere are contained in the open ball whose boundary is the 
larger sphere. If C 5 consists of those balls in 5 which are tangent to a given sphere AS"^, 
0 < A < 1, then is also tidy and there is p, g]A, 1[ such that the boundary bT lies in /xS” 
for any T G 5'. In particular, for each T G 5' the affine hypeiplane of containing T 
is disjoint from the convex hull of |5'| \ T. This simple property of tidy collections will be 
crucial in our construction. 

Tangent balls in B„+i may be viewed as obstacles on the way towards the boundary S” 
when we want to reach §” along a path in that misses all the balls in a collection. 
The first step in the proof of Theorem 1.1 is to construct a tidy collection ^ of tangent balls 
in B„+i in such a way that every path 7 : [ 0 , 1 [—>■ B„_|_i satisfying limi^i | 7 (f)| = 1 and 
missing all the balls of 5 ^, has infinite length. 

Theorem 1.5 (Building obstacles). Let n G N and 0 < Aq < 1- There exists a tidy 
collection ^ of tangent balls in B„_|_i C satisfying |5| H AqB^+i = 0 and having 

the following property: Every path 7 : [0,1[—)• B„+i such that limt^i | 7 (f)| = 1 and 
7 ([ 0 , 1 [) n |5| = 0, has infinite length. 

In particular, every closed submanifold o/B„_|_i missing | 5 ^| is complete. 

Theorem 1.5 will be proved in Sec. 2 (see the more general Theorem 2.5). It is clear that 
a collection § as in Theorem 1.5 will consists of infinitely many tangent balls. 

The second step in the proof of Theorem 1.1 is to construct a proper holomorphic 
embedding from a domain D in any given closed complex hypersurface Z C to 

®Ar+i, whose image misses all the balls in a given tidy collection 5 of tangent balls in 
®Af+l- 

Theorem 1.6 (Avoiding obstacles). Let G N. Let ^ be a tidy collection of tangent balls 
in the open unit ball ^at+i C and choose Aq > 0 such that |5| H Aq® at+i = 0. Let 

Z C he a closed complex hypersurface such that Z n Aq® a^+i 7^ 0 <^nd let e > 0. 

There exist a Runge domain 12 C containing Ao^Bat+i and a biholomorphic map 

'F: 12 — 7 - IBat+i such that: 

(i) |T'(C) - Cl < e for all C G AoIBat+i- 

(ii) ^(f 2 nz)n|^| = 0 . 

In particular, every connected component D of Ll Et Z 7^ ib is a pseudoconvex Runge 
domain in Z and 'Flu: D ^ IBat+i is a proper holomorphic embedding whose image 
misses U|. 

The proof of Theorem 1.6 is included in Sec. 3 and roughly goes as follows. Observe first 
that, given an infinite tidy collection 5 = {^{Pj^fj ): j G N} of tangent balls in IBAf+i, 
we may assume that the convex hull of Uj<j ^{Pi: a) is disjoint from Ui>j ^{Pi^ g) for 
each j G N. Indeed, it suffices to order 5 so that \pi\ < \pj\ if i < j. Thus, there 
exists an exhaustion AoIBat+i d d Uj 6 Z+ of IBat+i by 

smoothly bounded, strictly convex domains, such that Ei n |5| = b, and for each j G N, 
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Ui<j ^{Pi,n) c Ej+i and£;j+in(Ui>j ^{Pi,ri)) = 0. The key in the proof of Theorem 
1.6 is to show that, given a closed complex hypersurface X C which does not 

intersect •^{Pi, fi), there exists a holomorphic automorphism ^j : C^+i ^ c^+i 

such that T'j is close to the identity in the compact convex set Ej and such that 'l'j(X), 
which is again a closed complex hypersurface, does not intersect Ui<j ^{Piifi)'': cf- Lemma 
3.1. We obtain the biholomorphic map 'k: 0 —)• in Theorem 1.6 as the limit of a 

sequence of automorphisms {T'jjjgN generated in a recursive way by application of this 
result. 

Theorems 1.5 and 1.6 easily imply Theorem 1.1; see Sec. 4. Indeed, Theorem 1.6 applied 
to a tidy collection of tangent balls in ^at+i given by Theorem 1.5, provides a complete, 
closed complex hypersurface in ®Ar+i> which is biholomorphic to a pseudoconvex Runge 
domain in a given closed complex hypersurface Z C 

2. The Building Obstacles Theorem 

In this section we prove Theorem 1.5 in a more general form; see Theorem 2.5 below. 

Throughout the section we fix n G N, write B for the open unit ball B„+i C and 

denote by p: \ {0} —)•§” = 6B the radial projection 

p(x) = ^, X G \ {0}. 
lx| 

We denote by dist(-,-) and diam(-) the Euclidean distance and diameter in and 

i := '/-X. 

We begin with the following result, which is the key in the proof of Theorem 1.5. 

Lemma 2.1. There exist numbers m„ G N, > 2, and G M, 0 < c„ < 1/2, such that 
the following assertion holds. 

For every real number r > 0 there exist finite subsets Ei,, Eyn„ o/S” such that: 

(i) \p-q\> rfor all p,q e Ej, p ^ q, j = 1,..., m^. 

(ii) If F := U7=i F $ and dist(p, F) < Cnrfor all p G S". 

We emphasize that the numbers m„ and in the lemma only depend on n, the dimension 
of the sphere. Possibly some of the F^ ’s are empty. If r > 2 = diam(S”), condition (i) 
implies that Fj consists of at most one point for all y G {1,..., m„ }. 

Let us outline how Theorem 1.5 will follow from Lemma 2.1. We will pick any 
sequence of numbers 0 < sq = Aq < si < • • • < limj^+oo Sj = 1 such that 
X^j'eN ~ ~ +oo; here Aq is given in the statement of the theorem. For each 

J G N, we will consider the numbers Sj ^ := sj-i + , k = 1,..., + 1 (hence 

Sj-i < Sj^k < Sj), and will take Vj > 0 such that the tangent ball fiT{p,rj) is contained 
in for all p G Sj^k^"^, k = 1,... ,m„. Basic trigonometry gives that rj can be 

taken to be larger than a^tsj — Sj-i for some constant o > 0 which does not depend on 
j. We will then apply Lemma 2.1 for r = 2rj and obtain subsets Fj i,..., Fj^^^ C S”, 
j G N. Lemma 2.1 (i) and the choice of rj will ensure that the collection of tangent 
balls ^ (Ufc=i where = {sj,k^{p, rj): p G Fj^k} for all j G N and 

k G m„}, is tidy. On the other hand. Lemma 2.1 (ii) will guarantee the existence of 

a constant c > 0, which does not depend on j, such that for any p G the spherical ball 
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{p + crjM) n is contained in p{T) for some T G := Ufc=i ^j,k- This implies that 
the length of every path 7 ^ : [ 0 , 1 ] —)• sjM \ Sj-iB such that | 7 j( 0 )| = Sj_i, | 7 j(l)| = Sj, 
and 7 j ([0,1]) n |5j| = 0, is at least Sj-icrj > asoCy/Sj — Sj-i. (See Lemma 2.3.) Finally, 
since a, sq, and c do not depend on j G N, the choice of the Sj’s will ensure that every path 
7 : [0,1[—)• B such that limt^i | 7 (f)| = 1 and 7 ([ 0 ,1[) n = 0, has infinite length. Thus, 
the collection 5^ of tangent halls will prove Theorem 1.5. 

Before starting with the proof of Lemma 2.1 observe the following 

Claim 2.2. Assume that Lemma 2.1 holds. Then the same statement is valid with the same 
numbers m„ G N and 0 < < 1/2 if we replace S” by = {tp: p G §"’}/or any f > 0. 

Proof. Pick t,r > 0. Since we are assuming that the lemma holds for S”, there exist m„ 
subsets Cl,..., of §” satisfying (i) and (ii) for the real number r/f > 0. Therefore, the 
subsets tCi ,..., tCm„ of fS” meet (i) and (ii) for the real number r, proving the claim. □ 

Proof of Lemma 2.1. We proceed by induction on n, the dimension of the sphere. 

The basis of the induction (n = 1) admits several proofs. The one we include here will 
help the reader to understand the main point of the induction step. We let mi = 10 and 
Cl = 1/3 (these numbers are not sharp but fit well with the argument in the inductive step). 
Choose r > 0. It suffices fo find fen subsefs of safisfying conditions (i) and (ii). We 
distinguish cases. 

Assume r > 2 = diam(S^). Sef Fj := C C C, 1 < y < 10. Condition 

(i) frivially holds since all fhe Fj ’s are unifary, whereas (ii) follows from fhe equation 

(2.1) |x — xe*'^| = [1 — e*'^l = 2sin (^) for all x G C C, u G [0, 27r]. 

Indeed, given p = e** G t G [0,27r], fhere exisfs jq G such fhaf 

\t - (yo - l)f I < f, and so 

10 TT 2 

dist(^p, IJ Fj^ < dist(p,F)J < |p - | < 2 sin (^) < 3 < CF 

i=i 

lake info accounl lhal fhe sinus in increasing in [ 0 , ^]. 

Assume now 0 < r < 2. In fhis case (2.1) ensures lhal 

(2.2) \x — xF^\ >r, X G for all cr G [a, vr], 
where a := 2arcsin(r/2) g]0, 7 r[. Sef /3 := 2arcsin(r/6) and observe lhal 

(2.3) 0 < < a < 5/3. 

Moreover, since fhe sinus is increasing in [0, ^], (2.1) ensures lhal 

(2.4) |a: — xe*”"! <-^ = Cir, x G for all cr G [0,/3]. 

O 

For each y G {1,..., 5}, consider fhe subsel 

(2.5) Fj := G N, ((y - 1) + 5{k - l))/3 < vr} C 

generaled by relating fhe poinf i)/3 

by angles which are multiple of 5/3. (See Fig. 
2.1.) Combining (2.2) and (2.3) we obfain lhal Fj has fhe properly lhal \p — q\ > r if 
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p,q £ Fj, p ^ q, j G {1,... , 5}. This simply means that Fj satisfies condition (i) in the 
lemma, j = 1,..., 5. The same holds for := {—z: z £ Fj}, j = 1,... ,5, that is, 

(2.6) F_j = : /t G N, {{j - 1) + 5(fc - l))/3 < vr}. 



Figure 2.1. Basis of the induction for r = 3/4. 


To finish, it suffices fo show fhaf Fi,..., F 5 , F_i,... , F _5 also satisfy (ii). For fhaf 
pick p = —^e** G S^, f G [— 7 r, 7 r]. Wifhouf loss of generalify we assume fhaf t G [0, vr]; 
ofherwise we reason in a symmefric way. If is clear fhaf fhere exisf Jq G {1,..., 5} and 
ko gN such fhaf ((jo — 1) + 5{ko — 1))(3 < vr and \t — ((jo — 1) + 5(fco — 1))/5| < /3- Thus, 
since e*((io i)+5(A:o i))/3 g ^2.4) implies fhaf 


dist(^p, |J(Fj U F_jj^ 
i=i 


< dist(p,FjJ < 


P _ pg*(((io-l)+5(fco-l))/3-t) 


< Cir, 


which proves (ii) and concludes fhe basis of fhe induction. 


For fhe inductive step fix re G N, n > 2, assume fhaf fhe lemma holds for re — 1, and lef 
us prove if for re. 

We begin wifh some preparations. Given t G [—|, |] we denote by fhe affine 
hyperplane of given by 

rii := {{xi,.. .,Xn+i) G Xn+i = sint}. 

Nofice fhaf 

(2.7) §"■ n lit = cos(f)S"'“^ X {sinf} Vf G [ “ • 

We adopf fhe convention = {0} C M”. Obviously, 2 i](§” n IIj). 

The idea for fhe proof is similar fo fhe one in fhe basis of fhe inducfion. In fhis case 
fhe role of fhe poinfs —will be played by finite subsefs j = 1 ,... ,mn-i, 
of fhe (re — 1)-dimensional sphere S” n Fit, f g] — which will be provided by fhe 
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inductive hypothesis; take into account Claim 2.2. (See Properties (PI), (P2), and (2.11) 
helow.) Likewise, the role of the set Fj will be played by the union of a finite family of sets 
A* where j is fixed and t moves in sufficienfly far heighfs (compare (2.15) below with (2.5) 
and (2.6), and Properties (P3) and (P4) below with (2.2) and (2.4)). 


So, pick any number Cn with 

( 2 . 8 ) 


1 

0 < Cn—1 F Cn ^ 


Consider the function /: ]0, +oo[—)• M given by 


(2.9) 


fix) = 


arcsin (min | , 1}) 


arcsin 


in ^ min | 






X > 0. 


Observe that / is continuous, positive, lim^^o/(3;) = l/(cn — Cn-i) > 2, and 
lim 3 ;^+oo fix) = 1, hence / is a bounded function. Set 


( 2 . 10 ) 


/i := E(sup/(x)) > 2, 

3;>0 


where E(-) means integer part. Obviously ^ only depends on Cn-i and Cn. Set 


mn := in + l)mn-i, 

and let us check that the numbers mn £ N and Cn G]0, 1/2[ satisfy the conclusion of the 
lemma. For that, choose r > 0 and let us furnish subsets Fi ,of meeting 
conditions (i) and (ii) in the statement of the lemma. 


For t in the open interval ] — f, f [ and in view of (2.7), Claim 2.2 provides subsets 
A\, ..., of n lit satisfying the thesis of the lemma for the real number r > 0. 

That is: 


(PI) A*- is finite and \p — q\>r for all p, (? € A*-, p q, j = 1,..., mn-i. 

(P2) A* := 1J7=i ^ 7^ ® dist(p, A*) < Cn-ir for all p G n Fit. 

We also set 

(2.11) A^^^ :={(0,...,0,±1)} jG mn-i}. 

To finish the proof, we will distribute a suitable subset of z]x{i m„_i} 

into mn subsets of satisfying conditions (i) and (ii). 

Observe first that, by basic trigonometry, 

(2.12) dist(p,S”nnt) = 2sin Vp G §” n 11^, f, s G [ - . 

Set 

(2.13) a := 2arcsin ^min 1^, l|^, /3 := 2 arcsin ^ min |-^^2—^ 

In view of (2.8), we have 0 < /3 < a < vr. Moreover, since the sinus is increasing in [0, ^], 
(2.12) ensures that: 

(P3) dist(S” n TIs, S” n Fit) > min{r, 2} for all f, s G §] with |f — s| > a. 

(P4) dist(p, S"’ n lit) < min{(cn — Cn-i)r, 2} for allp G §” n fig, for all t,s £ |] 

with |f — s| < /3. 
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Further, ajj5 = f{r) where / is the function (2.9), and so (2.10) gives that 
(2.14) (/i + l)/3>a. 


Denote by I :={!,... x {0,... ,/i}. For all k G {0,... ,/r} call Ij^ := {I G 

Z: 0 < /c + l{fj, + 1 ) < tt//?}, and notice that Ij^ is a (possibly empty) finite set; see (2.10). 
For {j,k) G I, set 


(2.15) 


Fj,k ■■= U 

leik 


(See Figure 2.2.) To conclude the proof it suffices fo check fhaf fhe m„ = (^ + l)mn-i 



Figure 2.2. The subsef Fj ^ c 


subsefs of S”, Fj^k, {j, k) G I, satisfy Lemma 2. l-(i),(ii). 

Pick {j,k) G I. Since Ik is finife, (PI) and (2.11) ensure fhaf fhe (possibly empty) 
sef Fj^k is finite. Suppose fhaf Fj^k / 0 and choose a pair of poinfs p,q £ Fj^k- If 

p,q £ A - for some I £ Ik, (PI) and (2.11) ensure fhaf eifher p = q or 

I I ^ A tU t ^ A — ^ + —5 + (fc+L(M+l))/3 . , 

\p — q\ > r. Assume now fhaf p £ Aj and q £ Aj wifh 

h,l 2 £ Ik, h / h- It follows fhaf 

vr > \ — — + {k + li{p + l))/3 — ( — — + (fc + hip + l))/3) | 

= |/i - ( 2 |(f + l)/3 > (// + !)/? > a; 

lake info accounl (2.14). This and (2.13) imply r < 2, hence (P3) guarantees fhaf 

\p — q\ > min{r, 2} = r. Condition (i) follows. 

To check (ii) sef F := Uq- fc)e /^ ^ A -^ C Fj^ C F, F ^ Pick a 
poinl p G S" and lef s G |] be fhe unique number satisfying p £ n fig. Since 

0 < /3 < TT, Ihere exisf fco G {0,.. . ,p} and h £ Ik^ such fhaf |fo — si < /3, where 

to := —I + {ko + hip + l))/3 G [—§, |]. Property (P4) provides q G S"' Cl Fft^ such fhaf 
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\p — q\ < min{(cn — Cn-i)r, 2}. Together with (P2) and (2.11), we obtain that 

m„-i m„_i 

dist(p, IJ A^P) < |p-g|+ dist(g, IJ Af) 
i=i i=i 

< min{(Cn - c„_i)r, 2} + Cn_ir < c^r. 

Since IJ7 =i ^ U7=r^ G F, the above inequality proves (ii). This completes the 

proof. □ 


With Lemma 2.1 in hand, we may find finite tidy collections of tangent balls in a spherical 
shell, which are suitable for our purposes. 

Lemma 2.3. Given n £ N, there exists a number > 0 such that the following holds: 

For any 0 < ri < r 2 < 1 there is a finite tidy collection ^ of tangent balls in r 2 B, 
contained in r 2 M> \ riB, such that ify: [ 0 , 1 ] —>• r 2 B \ riB is a path such that | 7 ( 0 )| = ri, 

I 

ris/r2 - ri 


| 7 ( 1 )| = r 2 , and 7 ([ 0 ,1]) H = 0, then the length o/p o 7 is at least a„ ^ ^ In 




particular, the length of such 7 is at least a„ 




Proof By Lemma 2.1 there are m„ £ N, > 2, and £ M, 0 < < 1/2, such that 

given r > 0 there are finite sets Fi,..., Fm„ C S” satisfying: 

(i) \p-q\ > r for all p, q G Fj, p 7 ^ q, 1 < j < m^. 

(ii) If F = 1J7=1 ^3 every p £ we have dist(p, F) < c^r. 

Fix r 0 3 .rici let j ^ 1 J TTi^) be 3 .s 3 .bove. 

By (i), given p E there is a q E F such that \q — p\ < CnT. So, if y E 
Ip - p| < ( 1/2 - Cn)r, then \y - q\ < |p - p| + |p - g| < (1/2 - c„)r + c„r = §. 
Thus, for every p £ S” there are j, 1 < j < m„, and q £ Fj such that 

(2.16) (p + ( 1/2 - c„)rl) n S" C (g + ^ 1 ) n S". 

For each p £ S” denote by lF{p) the tangent ball fP[{\ — 5)p, rj), where 0 < <) < 1 and 
?7 > 0 are chosen so that this ball is attached to S” along (p + |S") n that is to say, the 
boundary 

6 (:^(p)) = (p+^S-)n§-; 

see Figure 2.3. This simply means that (1 — 5)^ + = 1 and + 5^ = (§)^, which 

implies that | = s/^. 

Note that 

,^(p) n If{q) = 0 whenever p, g £ S"’, \p — q\ > r, 

and that the projection to 

p(W{p)) = {p + ^^r^§^. 

Now, let 0 < ri < r 2 < 1. Divide the interval [ri, r 2 ] into m^ + 1 equal pieces of length 

r 2 - n 

m„ + 1 


uj = 
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and let sj = ri + joj, 0 < j < m„ + 1, so that 

ri = So < Si < • • • < < Sm„+1 = r2. 

We now describe how to get our tidy collection of tangent balls. 

Given j, 1 < j < m„, let Gj be the collection {■^{p)-p G Fj}. This is a collection 
of pairwise disjoint tangent balls whose boundaries are contained in S” and whose centers 
are on (1 — 5)8”. Now form SjGj by multiplying each ball in Gj by sj and thus pulling 
it inside B; so sjGj = {sj^{p): p € Fj}. Observe that SjGj is a collection of pairwise 
disjoint tangent balls with centers on Sj (l — (5)§” and with boundaries contained in SjS^. 

Consider now the collection of all tangent balls obtained in this way (see Figure 2.3), 
that is: 

mn 

5=1^ SjGj. 

i=i 

The familly will be a tidy collection of tangent balls in r 2 B contained in r 2 B \ riB 


P 



Figure 2.3. The collection ^ = U7=i 

provided that for each j,2 < j < m„, the sphere containing the centers of the balls in SjGj, 
that is, (1 — 6)sj§'^, is outside the ball Sj_iB which contains the balls of Sj-iGj-i, that is, 
provided that 

(2.17) 


Sj(l — (5) > Sj-i for all 2 < j < m„, 
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and since we do not want the balls to meet riB = so®^ (2-17) will have to hold for j = 1 as 
well. Now, (2.17) for 1 < j < means that 

(2.18) S<^ -^— = —, 

Since Sj < r 2 , 1 < j < m^, (2.18) certainly holds if we choose 

^ a; _ r 2 - ri 
r2 (m„ + l)r2 ’ 

Recall that | Set 

(2.19) 

V (m„ + l)r2 

at the outset and obtain 5^ as above. Then ^ is a tidy collection of balls contained in r 2 ]B\riB. 
Let us show that 5 has the properties stated in the lemma. 

Let <7 G S” and set Q := {q + |B) n Observe that 0 is an open subset of 
whose closure equals p(^(g)) = p{s^{q)) for any s > 0. Note also that for every s > 0 
the tangent ball s3^{q) cuts the open cone into two components, that is, p”^( 0 ) \ s^{q) 
consists of two components. 

Suppose that 7 : [0,1] —r 2 B \ riB is a path with | 7 ( 0 )| = ri, | 7 ( 1 )| = r 2 , and 
7 ([ 0 ,1]) n |5| = 0- Write p = p( 7 ( 0 )). By (2.16), there are j G {1,... ,m„} and q G Fj 
such that (p + (^ — Cn)rB) n S" C (q + |B) n S"", and so, 

( 2 . 20 ) (p+i(^-c„)rl)n§"cO, 
where O is as above. 

Assume for a moment that 

(2.21) diam(p( 7 ([ 0 ,1]))) < “ <^n)r. 

By (2.20), this implies that 7 ([ 0 ,1]) C 12. On the other hand, Sj^{q) is the tangent ball 
in 5^ contained in sjM \ Sj_iB C r 2 B \ nB. Since | 7 ( 0 )| = ri and | 7 ( 1 )| = r 2 it follows 
that 7 ( 0 ) and 7 ( 1 ) are in different components of 12 \ Sj^{q) and therefore 7 ([ 0 , 1 ]) meets 
Sj^{q), a contradiction. So (2.21) does not hold, which implies that 

Length(po 7 ) > diam(p(7r([0,1])) > “ ^n)r. 

By (2.19) it follows that 

Length(p o 7 ) > 

where a„ = (^ — This completes the proof. □ 

Finally, a finite recursive application of Lemma 2.3 gives the following extension. 

Lemma 2.4. Suppose 0 < ri < r 2 < 1 and let p > 0. There exists a finite tidy collection 
of tangent balls in r 2 B enjoying the following properties: 

(i) \d\ n riB = 0 - _ 

(ii) Ify: [ 0 , 1 ] —)■ r 2 B\riB A apat/j w/t/j | 7 ( 0 )| = n, | 7 ( 1 )| = r 2 , andy{[0,1])ri\^\ = 0 , 
then the length o/p o 7 is at least p. In particular, the length of such 7 is at least r\p. 











Complete complex hypersurfaces in the ball 


13 


Proof. Let Cln ^ 0 be the number given by Lemma 2.3. Pick 

1^2 

(2.22) N > --. 


N en. 


Set 

, P‘2-n . , 

Sj-.= ri+j ^ j = 

Obviously, ri = sq < si < • • • < sat = r 2 . For each j, 1 < j < N, apply Lemma 2.3 with 
Sj-i, Sj in place of ri, r 2 to get a finite tidy collection of tangent balls in sjM having the 
following properties: 


(ij) \dj \ n Sj-iM = 0. 

(iij) If 7 : [0,1] ^ SjM \ is a path with | 7 ( 0 )| = Sj-i, |7(1)| = Sj, and 

7 ([ 0 , 1 ]) n = 0 , then the length of p o 7 is at least ^ . 


Set 5^ := U^i It follows that 5 is a tidy finite collection of tangent balls in 
satisfying (i). Furthermore, given a path 7 as in (ii), 7 contains subpaths 71 ,... , 77 V with 
7 j C SjB \ connecting Sj-iEP and Sj§^ for all j. Therefore, 


Length(p o 7) 


> 


(ifi) 

> 


N 

^ Length (po7j) 
i=i 





an^Jr2 - Tl 


N 

j=i Jri + ^(ra -n) 


y/N 


> 


N 

E 

i=i 

flnVra - ri 

This proves (ii) and completes the proof of the lemma. 


any/r2 -n 1 


HTt (2-22) 

y/N > p. 


□ 


We now state and prove the main result in this section, which is a more general version 
of Theorem 1.5. 

Theorem 2.5. Let 0 < sq < si < • • • < limj^+oo Sj = 1 and 0 = po < Pi < • • • < 
limj^_l_oo pj = +00 be sequences of real numbers. There exists a tidy collection ^ of 
tangent balls in B satisfying the following properties: 

(i) \d\ n siB = 0 . 

(ii) If y: [0,1] —>• B is a path with | 7 ( 0 )| = Sj-i, |7(1)| = Sj, and 7 ([ 0 ,1]) Cl |5^| = 0, 
then the length o/p o 7 is at least pj. In particular, the length of such 7 is at least 

(iii) 7 / 7 : [0,1[—)• B is a path such that lim^^i [ 7 ( 7 ) | = 1 and whose range intersects at 
most finitely many balls in [J, then p o 7 and 7 have infinite length. 

Thus, every closed submanifold o/B missing is complete. 
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Proof. For each j G N, Lemma 2.4 applied to Sj-i, sj in place of ri, r 2 , furnishes a tidy 
finite collection of tangent halls in SjB satisfying that: 


(ij) liJjl n = 0 . 

(iij) If 7 : [0,1] —)• SjM \ Sj_iB is a path with | 7 ( 0 )| = Sj_i, | 7 ( 1 )| = Sj, and 
7 ([ 0 ,1]) n I = 0, then the length of p o 7 is at least pj. In particular, the length of 

such 7 is at least Sj-ipj. 


Set ^ := 2 G N, 5^ is a tidy collection of tangent balls in B satisfying 

(i), whereas (ii) clearly follows from (iij ), j G N. 

To finish, assume fhaf 7 ; [0,1[—)• B is a proper pafh infersecfing af mosf finifely many 
halls in 5- Since 5^ is tidy in B, fhere exisfs jo G N such fhaf 7 ([ 0 ,1[) n = 0 for all 
j > jo- Up fo enlarging jo if necessary, we infer fhaf 7 confains a subpafh 7 ^ wifh range in 
SjM \ (|5j| U Sj_iB) connecting Sj-iS^ and SjS", j > jo- Item (ii) ensures that 

Length(p o 7 ) > Length(p 07 ^) > pj = +c )0 
j>jo j>jo 


and so 


Length( 7 ) > E Length( 7 j) > ^ Sj-iPj > Sjo-i ^ Pj = + 00 . 
j>jo j>jo j>jo 

This proves (iii) and completes the proof. 


□ 


3. The Avoiding Obstacles Theorem 

This section is devoted to the proof of Theorem 1.6. Throughout the section we fix 
A G N and wrife for fhe unif ball ® 7 v+i C Numbers in C will be denoted by 

roman letters, fypically 2 : and w, whereas elemenfs of or will be denoted by greek 

letters such as ( and 

As a preliminary sfep fo fhe proof of Theorem 1.6 we shall prove fhe following. 

Lemma 3.1. Let D and E be compact sets in and assume that E is convex and 

D is contained in an affine real hyperplane L C which does not intersect E. Let 

Z C be a closed complex hypersurface. Given e > 0 there exists a holomorphic 

automorphism $: —)■ such that: 

(i) $(Z) n D = 0. 

(ii) mC)-C\<eforallC€E. 

The aufhors wish fo fhank fhe referee for poinfing ouf how fo prove fhis lemma which 
replaces a similar one proved in a previous version of fhe paper under fhe exfra assumption 
fhaf fhe hypersurface Z is algebraic. 

Proof. Lef vri: —)• C denofe fhe orthogonal projecfion info fhe firsl componenf given 

by 7ri(2 ;i,..., z^+i) = zi. By an affine complex change of coordinates we may assume 
fhaf 

L = {( 21 ,..., ZN+i) G : 5R(2 i) = 0}, 

where 5?(-) means real parf, and E is confained in fhe half space {5R(2 :i) < 0}. Since D C L 
is compacf, fhere exisf a compacf segmenf D' in fhe real line {z G C: 5R(2 ;) = 0} = tti (L) 



Complete complex hypersurfaces in the ball 


15 


and a real number A > 0 such that 

(3.1) D c D'X {X^n) cCxC^. 

Further, by dimension reasons we may assume that Z n {D' x {0}) = 0 (here 0 G C'^; 
this can be achieved, for example, by an arbitrarily small translation of the hypersurface Z). 
Thus, since Z is closed and D' is compact, there is r? > 0 such that 

(3.2) Zn(Z)'x (? 7 ^jv)) = 0. 

On the other hand, E' := 'Ki{E) C C is a compact convex subset of {2 G C: 5R(z) < 0}. 

Pick a small r > 0, which will be specified later, and choose a holomorphic function 
"0: C —)• C such that 

(3.3) IV’('2^)I < T for all z £ E' = 'Ki{E) 
and 

(3.4) $R(^( 2 ;)) > 1/t for all z £ D' D 

Such exists by the classical Runge approximation theorem; observe that D' and E' are 
connected, simply-connected, disjoint compact subsets of C, and hence D' U E' is Runge 
in C. We claim that, if r > 0 is chosen small enough, then the holomorphic automorphism 
$: = C X ^ = C X given by 

satisfies fhe conclusion of fhe lemma. Indeed, for (z, £ E we have 

- (^,01 = 1(1 - < |1 - max{|C |: ( £ E} < e, 

where fhe lasf inequality is ensured by (3.3) provided fhaf r > 0 is sufficienlly small; recall 
fhaf E is compacf. This implies (ii). On fhe ofher hand, for z £ D' we have 

4>({z} X {r]^N)) = {z} X D {z} X (X^n), 

where fhe lasf inclusion is guaranteed by (3.4) provided that r > 0 is sufficiently small. 
Thus, in view of (3.1), 

DcD' X (A®7v) C 4>(T>' X (r?®jv)). 

Since (3.2) ensures that <h(Z) n ^{D' x = 0, the above inclusion guarantees (i). 

This concludes the proof. □ 

We now prove Theorem 1.6 by a recursive application of Lemma 3.1. 

Proof of Theorem 1.6. Let be a tidy collection of tangent balls in the unit ball ^ c 
(see Def. 1.3 and 1.4) and fix numbers e > 0 and Aq > 0 such fhaf |5^| n Aq^ = 0. Lef 
Z C be a closed complex hypersurface such fhaf Z n Aq® / 0. 

Pick Ao < Ai < 1 such fhaf |5^| n Ai® = 0. Wifh no loss of generality we may assume 
fhaf fhe collecfion ^ is infinite; otherwise we simply replace by any infinite tidy collection 
in containing it and disjoint from Ai®. Set Tq = 0. Since ^ is tidy, it is clear that we 
may write 5 = {Tj : j G N} so that there exists an exhaustion of ® by smoothly bounded, 
strictly convex domains 

Eq := Ao® <s El := Ai® d £'2 ^ ... ^ 

f6Z+ 
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such that 
(3.5) 


IJ Ti C Ej and |J T,) = 0, j € N. 

i=0 i>j—l 


Recall the short discussion which follows Theorem 1.6 in the introduction. 


Set eo = e and T'o = Id: —)• We shall inductively use Lemma 3.1 to find a 

sequence of holomorphic automorphisms of and a sequence {ejljgpj such 

that if 


T'j := o ... o ^> 1 , j e N, 
then for each j G N the following conditions hold: 


(hj) ej < dist(Ej_i,C^+i \ Ej). 

(Cj) Cj < dist(£'j, \ Ej^i). 

(dj) l^i(C) - Cl < G lor all C G Ej. 

(Cj) ^j{Z) n (IJi=o and there is an open neighborhood Uj C Ej of Uto 

(see (3.5)) such that if 0 is an automorphism of such that |0(C) ~ Cl < 2ej 
for all C G Ej, then 0(^j_i(Z)) n Uj = 0. 

Assume for a moment that we have sequences and satisfying (aj)-(dj) 

above, j G N. By (bj) and (dj), we have that 

(3.6) ^j(Ej_i)cEj, jGN. 

If we write Lj = ^~^{Ej), j G N, we infer from (3.6) that 

(3.7) Eq = Ao® ^ Lj (£ Lj+i for all j G N; 

for the former inclusion take into account that T'l = $i. Thus, since (a^) ensures that 
0 < +oo> (3.7) and properties (bj) imply that limj^oo '^j = ^ exists uniformly on 
compacta in 

0 := IJ Lj C 
jeN 

and T* is a biholomorphic map from 0 onto (JjeN Ej = see [10, Proposition 4.4.1]. 

On the other hand, (Cj) and (dj) ensure that 

(3.8) <^j(Ej) C Ej+i, jGN, 

and so ^j{Ei) C for all j G N. Thus, for G Ei, (d^) and (a^), k < j, give 

|'I^,(C)-CI < |4/i(C)-CI + El'i''=+i(C)-'i^fe(C)l 

k=l 

j 

= |<I>l(C)-Cl+j;i<I>fc+l('&A:(C))-'I'fc(C)l < E0 < 

k=l k=l 

Since Aq® = Eq Q D Ei (see (3.7) and the definition of O), passing to the limit and 
taking into account (ai) we get that |'!'((() — (^| < 2ei < eo = e for all C G Aq®. This 
proves (i) in the statement of the theorem. 

Assume now that, in addition, the sequences and satisfy (e^), j G N. 

We show that this implies that 'I'(Z n 0) misses |[J|, which proves (ii). Indeed, for each 
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j £ N and k > j call 0^ ^ o • • • o Then 0j ^ is an automorphism of By 

(3.8), Qj^k{Ej) C Ek+i for all k > j. Thus, for each ^ £ Ej, (d*) and (a,), j < i < k, give 

k 

|0,>(C)-CI < |0,,,(C)-CI+ E 

i=j+l 

k k 

= \m)-c\+ E i‘j>.(©i,*-i(c))-0,,i-i(c)i < E^* < 20- 

i=j+l i=j 

Therefore, (Cj) guarantees that 0^ fc('I'j_i(Z)) n Uj = 'l'fc(.Z’) CiUj = (Ji for every k > j, 
and so n fl) n Uj = 0. Since this holds for every j G N and U| C UjeN follows 
that 'I'(Z n n) n 15^1 =0 as claimed. 

It remains to show that there are sequences and {ej}jgH^ and for each j G N an 

open neighborhood Uj C Ej of IJi=o (^oe (3.5)), such that if 'I'j = o o • • • o 
then (aj)-(ej) hold for all j G N. We proceed by induction. 

For the basis of the induction we choose any number ei > 0 satisfying (ai), (hi), and (ci). 
By Lemma 3.1 there is aholomorphic automorphism of such that |$i(C) —C| < ei 
on El and <hi(Z) n Ti = 0. Set ?7i = 0. Conditions (di) and (ei) are clear; recall that 
'hi = and To = 0. 

For the induction step, let j > 2, assume that we have ‘hj-i, ej_i, and Uj-i satisfying 
(aj_i)-(ej_i), and let us provide <l>j, ej, and Uj meeting (aj)-(ej). Fix a number ej > 0 
which will be specified later. Assume that ej satisfies (a^), (bj), and {Cj). Thus, Lemma 3.1 
furnishes a holomoiphic automorphism <l>j of satisfying (dj) and such that ^j{Z) = 

<hj(T'j_i(Z)) misses Tj. Furthermore, since (Oj-i) and (3.5) ensure that T'j_i(Z) misses 
|J^~Q Tj = Ej n |5|, we may guarantee that 'l'j(^) misses |Ji=o^* provided that ej is 
chosen small enough. This proves the former assertion in (Cj). For the latter one, recall 
that ^j_i(Z) n (Ui=o '^i) ~ ® choose an open neighborhood Uj of Uto whose 
closure is a compact set contained in Ej disjoint from ^j_i(Z) n Ej. Take r/ > 0 such that 
Uj C {C S Ej : dist(C, \ Ej) > rj} and such that ('Fj_i(Z) n Ej) + is disjoint 
from Uj. It then follows that if 0 is an automorphism of such that |0(^) — C| <7] 
for all ( G Ej then 0('Fj_i(Z)) n Uj = 0. Thus, (e^) is fully satisfied provided thaf we 
choose ej < r]/2. This closes the induction and completes the proof of the existence of Q 
and 'F satisfying (i) and (ii) in Theorem 1.6. 

The domain is biholomorphically equivalent to 53 and hence it is pseudoconvex. Since 
Ej is a compact convex set in it is polynomially convex and hence every holomorphic 
function in a neighborhood of Ej can be, uniformly on Ej , approximated by polynomials. 
Since 'Fj is an automorphism of it follows that every holomoiphic function in a 

neighborhood of Lj = 'i/J^{Ej) can be, uniformly on Lj, approximated by entire functions 
for all j G N. It follows that Q = IJjgN is a Runge domain. (See [10].) 

Notice that QflZ D ZCiXq^ / 0 and pick a connected component D C fidZ. Then D 
is a closed submanifold of fl. Since dl is pseudoconvex it follows that 77 is a pseudoconvex 
domain in Z, and, moreover, by Cartan’s extension theorem every holomorphic function ip 
on D extends holomorphically to a holomorphic function ^ on f) and, since Q. is Runge in 
ip can be, uniformly on compacta in f), approximated by entire functions on 
Therefore, p = p\]:) can be, uniformly on compacta in 77, approximated by restrictions of 
entire functions on to Z. Thus, every holomorphic function on 77 can be, uniformly 
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on compacta in D, approximated by holomorphic functions on Z, so L) is a Runge domain 
in Z. This completes the proof. □ 

4. Proof of the main results 

In this final section we make use of Theorems 1.5 and 1.6 in order to prove Theorem 1.1 
and Corollary 1.2. 

Proof of Theorem 1.1. Let G N, let Z be a closed complex hypersurface in such 

that Z n ® 7 V +1 7 ^ 0, let AT C Z n ® tv+i be a connected compact subset, and let e > 0. 

Choose 0 < Ao < 1 such that K C Aq^at+i, let 5^ be a tidy collection of tangent balls 
in ®Ar+i given by Theorem 1.5, satisfying |5| n Aq^tv+i = 0. 

Apply Theorem 1.6 to Z, Aq, and e, and consider the arising Runge pseudoconvex 
domain of which contains Aq^at+i, and biholomorphism T*: 12 —)• IBat+i. Let 

iA C n n Z be the connected component containing K, which ensures (i), and consider the 
proper holomorphic embedding f> := T'l/): D —)■ IBat+i. Item (ii) in Theorem 1.1 follows 
straightforwardly. To get (iii), observe that the completeness of ■(/) is a direct consequence 
of the choice of 5^ (see the last sentence in Theorem 1.5), and take into account Theorem 
L6-(i) and that K C Ao^Bat+i. □ 

Before proving Corollary 1.2, recall that every open Riemann surface TZ is Stein (see 
Behnke-Stein [7]), whereas a domain iA C 7?. is a Runge domain in TZ if and only if 7?. \ iA 
contains no relatively compact connected components; in particular a domain 7A C C is 
Runge if and only if it is simply connected. 

Proof of Corollary 1.2. The first part of the corollary trivially follows from Theorem 1.1. 

For the second part, recall first that there are properly embedded complex curves in 
with arbitrary topology (see Alarcon and Lopez [5]; the case of finite topology, which is 
required in our proof, is due to Cerne and Forstneric [8]). Let Z be a connected finite 
topology properly embedded complex curve in and assume, up to applying a homothetic 
transformation to Z if necessary, that all the topology of Z is contained in This means 
that Z intersects the boundary of ^^2 transversely and so that Z \ ^^2 consists of 
finitely many open annuli Ai,..., Am (here m denotes the number of topological ends of 
Z) with pairwise disjoint closures, properly embedded in \ ^032! such that the boundary 
bAi of Ai in Z is a smooth Jordan curve in for all i = 1,... ,m. It follows that 
Z n 5^2 is homeomorphic to Z and K := ZC |^2 is a Runge compact connected subset 
of Z. Thus, the first part of the corollary provides a Runge domain TA C Z, containing 
K, and a complete proper holomorphic embedding ?/;: 7A —)• ® 2 - Since Z \ D has no 
relatively compact connected components in Z and D contains 7F = Zn^® 2 >it follows 
that 7A \ ^®2 consists of finitely many open annuli ..., A'm such that A' C A* and 
bAi = {bA'f) n for all i = 1,..., m. This guarantees that D is homeomorphic to 
Z n ^® 2 > hence to Z, which concludes the proof. □ 

We finish fhe paper wifh fhe following 

Question 4.1. We have proved that the unit disc D C C properly embeds into the unit ball 
®2 C C‘^ as a complete complex curve, so it is natural to ask whether, given N > 2, there 
exists a complete proper holomorphic embedding ^ ®Af+i (cf [HJi- A less difficult 
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question would be whether there is a complete closed complex hypersurface in tv+i which 
is homeomorphic to tv- 
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